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Low  Tej^ereture  Dtaaegnatisn  of  Electron*  In  * Cylinder 


Abstract 

Ttse  exact  eigenfunctions  are  found  for  an  electron  in  a cylindrical 
srorsiatcer  In  the  presence  of  e ualfora  axial  oagnetio  field.  The  aigas- 
value  epeainss,  vhi A*  superf lolelly  similar  to  that  in  f r»»  epsee,  la  so 
essentially  different  that  ths  «t«tl*tioai  properttse  of  an  electron 
•esc  ably  in  the  ay  Under  are  entirely  diffarant  from  those  derived  In 
pravioua  work.  It  i*  therefore  of  Interest  to  uao  on  Integration 
approxlsatlon  in  eoaputing  the  energy  of  ths  aaacsjbly  at  0°K.  It  turn# 
out  to  have  a vary  strong  a iaa-ds pendant  paramagnetic  tar*,  and  ths 
reasons  for  this  ara  oara fully  axplained.  Ths  work  lends  support  tc  the 
view  that  tha  obasrved  diaaagnetiee  of  elaotrona  in  tha  super  conducting 
state  ocxsnot  be  understood  in  terns  of  sny  fra*  electron  approxiaation, 
and  that  interaotione  with  the  lattice  potential  play  an  aeeantlal  role. 
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Introduction 

Previous  work  on  tha  quantum  aeahaalesl  pro  port  l*  • of  slaotrons  in 
• acgnstlo  field  hu  boon  oharaotsrlscd  by  a wide  variety  of  oonfliotlng 
results.  In  two  Important  psperu  reoeirtly  (Jl)  Ocborna  and  3taala  have 
shown  how  carefully  on«  haa  to  handle  tha  atatlatloe  In  ordar  to  wold 
ssse  of  tbaaa  oonfliota.  However  their  work,  and  apparently  an  oh  previous 
work,  haa  treated  tn«  boundary  value  problem  of  fitting  the  eigenfunctions 
to  the  walls  of  the  oontelner  in  an  approximate  faahlont  Osborns  In  part- 
icular uaad  tha  WXF  method,  and  In  coaon  with  all  previous  discussions, 
the  oonoept  of  localised  reflected  electron  orbit*  le  baalo  to  the  work. 

The  prevent  paper  sterna  fro*  tha  Idee  that  thla  oonoept  of  reflected 
looellaed  erbltc  la  lnappllosble  to  the  low  temperatures  pertaining  In 
•uperoonduotlvlty  work.  The  "fuzslness*  of  the  Perml  surface  In  wave- 
number apeoa,  ra presenting  tha  possible  uncertainty  In  tha  momtniuta  of  aqf 
particular  electron,  ia  too  aharp  to  provide  looallrvd  wave-grot, pa  In 
ordinary  epaoe  for  the  oonduotlng  elsotronet  ths  unoertelnty  In  position 
is  neceeaai lly  at  least  of  ths  order  10 ”5  o».  Eepeolally  for  small  cyl- 
inders it  would  therefore  be  quite  unsafe  to  ploture  an  sleotron  as  a 
partlole  capable  of  being  refleoted  lr.  e definite  orbit,  end  the  Vf KB 
approximation  oould  hardly  be  regarded  as  reliable. 

There  le  very  good  reason  to  believe  that  the  errors  oouasd  by  using 
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approxiwete  e Iganfunotldas  end  their  ursr*»ll*tie  00s tgy  spectra  ssf 
04 met  errors  at  leisat  a*  ear loua  ih  those  «tteokad  by  Osborne  and 
Stwai*  Is  dcvelopiisc  the  statistics  of  the  prohlea.  It  therefore 
secoed  worth  while  to  seek  the  sxeot  elgaafunsllone  in  a aloeed  cyl- 
inder with  an  axial  magnetic  field,  using  ty>  approximation*  at  ell,  vo 
thet  the  concept  of  localised  orb Its  seed  never  aster  the  argument. 

These  axe@t  eigenfunctions  here  bean  found  In  the  fora  of  modified 
Beeeel  functions  whose  nodes  oan  be  oade  to  fit  tha  walla  of  the  cyl- 
inder by  tha  proper  eholoa  of  energy,  thereby  quantising  the  latter. 

Tha  resulting  eigenvalue  epsotrum  le  euparf lolally  etailsr  with  that 
usually  assumed  (2),  but  dir  faro  slgnlf  leant  ly . The  difference  la 
auoh  that  tha  Feral  xtstiattoa  of  the  assembly  of  • leotrsn*  in  the 
cylinder  cannot  be  even  app?<y>ineto ly  similar  with  that  aaeuatd  in 
previous  work. 

of  thia  it  has  ••"asd  worth  while  at  tha  present  time  to 
find  the  energy  of  an  asaeribly  at  0°K  using  etandard  integration  approx- 
imations, and  to  leave  to  future  work  tha  acre  exact  development  using 
the  set hod  of  Oeborne.  It  would  in  fact  be  of  interest  to  use  the  integ- 
ration approximation  to  find  the  energy  ae  a fundtton  of  temperature,  but 
even  the  calculations  at  0°K  are  extremely  tedious  end  we  have  decided  to 
fortsgo  tha  further  work  for  the  tlrac  being. 
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The  exact  slgehfunctlona  for  a cylinder 

Assuming  the  apln  to  be  eoperebla,  we  write  the  Hamiltonian  operator 
without  apln  (^)* 

& - - ( [«?/»)* ?2  - lh(aH/2Mo)V6^  ♦ £r2(eH/2Mo)2  (1) 

% 

where  M la  the  uaa  and  -a  the  charge  of  the  electron,  H la  the  megnetlo 
field  directed  along  the  z-cxla.  Wo  seek  eolations  of  th6  'Johrodlnger 
equation  In  the  form 

Vf'  - R(r)  elk*  ela^  (2) 

where  m la  en  Integer,  positive  or  negative,  and  k la  the  wave-number 
corresponding  to  plerto  wavea  propagated  along  th*  z-axle  of  the  cylinder, 
me  aquation  for  R(r)  reduce*  to 

R*  * R’/r  v (K2  - «£/r2  - 0L2r2)R  - 0 (5) 

where  OC  - eH/2fto 

(4) 

and  K2  • 2»C/h2  - 1c2  - 2 mot 

E being  the  total  energy. 

In  the  limit  of  aero  magnetic  field  eq.(J)  1®  the  Beasel  equation; 
we  shall  express  the  solutions  In  a form  that  dlepleye  their  relation 
with  the  Bestial  funotlons  ae  dearly  as  possible.  To  do  this  It  la 
convenient  to  Introduce  the  following  change  of  variable: 

x - Kr,  X(x)  - R(r),  f>  - od/K2  (5) 

The  equation  for  R then  becomee  the  following  equation  for  X: 

X"  v X'/x  •»  (1  - m2/!2  - p2x2)X  - 


0 


(<?) 


I 
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Thi»  • quit Ion  la  Soluble  by  series  Integration,  tha  result  being 

X(s)  - a”^^*2  J*(,)  (7) 

where 

•tf*)  - Z(-1)*  (8) 

■ n-0  ** 

with  fl  - (9) 

j-0  1 J 

Oleerly  whan  t>  • 0 tho  faotora  Bm  beoose  unity  and  tha  funotlon 
J*(k)  reduoea  to  tho  Bsasel  funotlon  of  order  a.  Reverting  to  the 
original  variables  the  unnormallaed  elgenfunotlona  are 

. 9iki  ,~i*r2  jgj ^ (io) 

'"heae  are  the  only  eolutlona  that  are  well-bahavsd  both  at  tha  origin 

and  aa  the  radlua  of  the  cylinder  ie  Inoraaaed  indefinitely.  They  are 
axeot. 

It  la  obvloua  that  et  eaiall  enough  Magnetic  fields  the  perturbed 

Beaael  funotlona  J*( Kr ) hare  serose  not  farpftaoved  from  the  zeroes  of 
D 

the  Baaeel  funotlona  J^( Kr).  Aa  the  value  of  p>  la  lnorenaed  by 
lnoreaalng  the  magnetlo  field  it  la  of  oourae  poeslbls  for  the  spectrum 
of  saroes  not  only  to  teove  considerably,  but  alao  to  break  up  Into  a 
oompletely  different  epeotrun.  In  the  present  paper  we  oonflne  ouraelvee 
to  the  simplest  oeao  where  the  field  la  small  anough  to  be  regarded  aa 
only  a email  perturbation  In  the  sense  that  the  apeotrura  of  zeroes  of  J* 
la  essentially  similar  with  that  of  the  zeroes  of  tho  Beaael  funotlona. 

We  prove  alao  that  eotual  experimental  fields  are  small  In  this  sense. 


LTD 


6 


Cn  the  above  understanding  vo  oar.  fit  the  wave  funotlona  into  a 
oloaed  cylinder  of  rsdtue  e by  requiring  that  K have  one  of  tha 
values  given  by  tha  serose  of  the  perturbed  Beaeel  funotlonai 

K - IC^  , vhara  ***■})  * 0 (11) 

through  eq.(b)  thle  In  turn  determines  tha  poeelble  energies  of  the 
electron  in  the  closed  cylinders 

Ekaj  " * *2K2/2M  ♦ meftH/Vc  (12) 

Theea  elgenveluee  o nn  be  determined  ae  sxsotly  ea  vo  vleh  to  compute 
the  xeroee  of  the  perturbed  Beaeel  funotlona* 

To  the  flret  order  In  ^ the  ooefflolente  In  eq.(9)  ere 

- 1 - 2£>n(mtmi)  ♦ ...  (15) 

end  It  le  easy  to  prove  from  this  thet 

Therefore  for  email  fields  the  re  roes  of  J*  ere  Identloel  with  those 
of  the  Beeeel  funotlona  J,  and  the  effeot  of  smell  fields  on  the  eigen- 
values le  completely  telcen  oore  of  by  the  leet  term  In  eq.(12),  the 
quantities  being  Independent  of  the  field. 

7 

We  may  note  numerically  thet  K to  of  the  order  10  before  it  rcskae 
sny  appreciable  contribution  to  the  energy,  while  oC  le  of  the  order 
10?  tins*  H.  Thuo  (5>  will  remain  leoe  then  10”^  for  ell  fields  lees  than 

«r 

10^  grass,  end  the  ebovo  oonoluelono  should  be  velld  for  ell  flelde  yet 


employed  experimentally. 
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Th*  eigenvalue  apeotrua  (12)  la  easemtlally  different  fron  that 
appropriate  to  free  apaoe,  which  la  (^) 

Ekr.  * f'2'c?/2>'  ♦ (n^)ahHAo  (15) 

In  thla  epeotrua  n la  an  unlimited  poaltlve  Integer  arising  fron 
osolllator  terma-  In  our  apectruB  for  the  ay  Under  there  la  a new 
tern  arising  fro*?  the  jaroea  of  the  ReeaeT  functions,  and  n la  an  angular 
momentum  quantum  number  that  nay  h»ve  either  positive  or  negative  veluee. 

At  0°K  the  n of  «q.(15)  la  United  by  the  Feral  energy  ^0» 

* (n0*$)efiH/y!a  (16) 

but  the  m of  eq.(12)  la  reatrlctad  by  the  boundary  In  • quite  different 
f aahlon,  *9  fellows . 

For  large  valuee  of  |n|  the  flrat  two  aarooa  of  the  Bessel  function* 
end  therefore  eleo  of  the  perturbed  Beeael  funotlone  J*  (x)  ooour  et  the 
arguments 

X|_  ■ e • la|  *■  1.856|ml  ♦ ... 

./,  07) 

*2m  * *2*  • “ J“!  ♦ J5.2A5|bI  ♦ ... 

In  order  to  fit  the  flret  eero  of  J*  to  the  oyllnder  one  therefore  neede 

s 

a larger  value  of  K^m  the  larger  |m( , and  eo  the  maxlmm  energy  eote  a 
limit  on  the  mexlnua  |a|  eren  for  xaro  magnetic  field.  By  oontraet  eq.(l6) 
la  eve  a nQ  unlimited  when  the  magnetic  field  vanlehee.  From  (12)  end  (17) 
the  maxlaum  |n|  la  Bq  where,  In  abeenoe  of  magnetlo  field 

- (nQ  ■»  I.856  mp1^)2 'fi2/2Ma2  (IS) 

At  thla  point  one  oan  elreedy  predlot  that  there  will  ba  anomaloua 
iilza  effect*  In  the  preaent  problem  baoauee  of  the  oube  root  term  In  m0. 
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On*  oan  alac  coo  qualitatively  Proa  cq.(17)  how  the  boundary  oeuew* 
the  praaanoa  of  so-osllcd  raflaoted  orbit*.  It  la  oleer  that  for  largo 
value*  of  l»l  the  spaolng  between  the  aarcoe  beooasa  progressively  snail 
oonpared  with  the  radius  a a* tat  inoreasee.  Por  large  \ni  value*  the 
p*ak  of  th*  function  J*(  aK^  becomes  vary  narrow  end  oonflned  to  radii 
vary  oloa*  to  a.  Thle  la  true  for  both  poaltlv*  and  negative  n-value*. 
Of  ooure*  there  l*  no  orbit  on  the  present  ploturej  every  olgenfunotlon 
la  actually  raflooted  at  th*  cylinder  beosues  It  haa  to  have  a nod* 
there*  Por  this  reaeon  we  nay  also  axpeot  a auoh  higher  paramagnetic 
tern  than  that  given  by  the  orbit  oonoapt. 

The  Pernl  Aaeenbiy 

Vo  now  wish  to  oonatruot  th*  Pernl  region  In  quantum  number  apeoe, 
within  whloh  all  atatea  arc  oooupled  *t  0°K  If  wa  have  an  aaaaably  of  N 
electron*  In  the  ayllnder.  The  Pernl  eurfeoe  le  given  by  eq,(12)  In 
the  fora 

(ii2/2M){^a  * (irn/L)2^  ♦ 2n^  - £ (19) 

where  £ l*  the  Penal  energy,  *nd  we  hare  written 

y - *fiH/2Po  (20) 

and  k ■ irn/L.  L being  the  length  of  the  oyllnder,  n end  j ere 
Integer*.  Consider  now  *11  state*  of  given  ns  obtained  by  varying  J, 
i.a*  the  nuaber  of  nodes  of  J*  Inside  the  oyllndor.  Por  large  value* 


( 


r 


( 
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of  J the  nodes  ooour  as  follow* » 

**}»  * *(J  ♦ 5/*) 

•Xj.  * tf(  1 ♦ l/») 

rod  ere  aeyaptotloally  independent  of  ■«  lino*  only  • relatively  aaall 
rubber  of  atata*  ooour  at  aaell  waluaa  of  3,  end  wa  ara  going  to  uaa  an 
integration  approximation,  w*  Bay  ua«  eq.(2I)  in  tbs  approxinata  fora 

«Xja  - J (22) 

and  doubla  the  number  of  atataa  compared  with  tbo  nunbar  of  intagara  3. 
To  thia  approximation  eq.(IQ)  beaosM 

(b2/2M)^(Tj/a)2  ♦ (ifn/L)2  | ♦ 2aj  - £ (25) 

0 ob paring  (21)  with  (17)  wa  not*  next  that  for  a given  positive  a, 
tba  waluaa  of  j miet  suffer  a out-off  below  j0  where 

^ - a ♦ I.856  (2^) 

For  eaaller  waluaa  of  J than  thia  the  flrat  aero  of  J*  falla  beyond 
r • a.  For  negative  waluaa  of  a wa  have  exactly  the  eaaa  situation 
with  tha  ninlaua  value  of  j given  by 

J0  - - a ♦ l^-a)1^  (25) 

Theaa  laat  two  aquatlena  rapreeant  two  cylinders  lntaraactlng  along  tha 
n-exle  in  number  apace,  and  the  Faral  region  i*  that  portion  of  the 
number  apaoa  lying  between  these  two  cylinders  and  out  off  by  the  Faral 
aurfaoe  aq.(2J).  This  la  illustrated  In  Figure  1. 

Tha  number  of  states  la  sight  tlnas  the  volune  of  the  Farml  region 
above  the  n-«  plants  a factor  of  two  for  the  two  m-valuee  per  J-velue  in 


a even 
a odd 


(21) 


f 


•q.(21),  a faotor  of  two  for  the  spin,  end  • factor  of  two  to  inolude  the 
negative  j-raluee. 

Our  flret  objective  la  to  find  the  volume  of  the  Faml  region  and  #o 
determine  tha  Fermi  energy  In  terme  of  tha  total  number  N of  eleotrone. 

Va  find  tha  volume  for  poeitlve  m-velues  flret,  tha  voluae  for  negetiv® 
u-valuee  la  then  obtrlned  e imply  by  reveralng  the  elgn  of  and  tha  total 
▼oluae  la  the  aura  of  thaaa.  It  therefore  oontalne  no  term  linear  In  p, 
end  in  srery  spproxlaetlon  we  oust  oount  ell  tar  raw  quedratlo  In  to  be 
*b ].m  eventually  to  find  the  eueoeptlblllty  of  the  Msaofaly. 

Write  x - • ftn*'/L/i2>t  f “ hjfl/eJ2H  (2<5) 

and  tha  equation  of  tha  Fermi  eurfaoc 

x2  ♦ Y2  * 2aj>  - 5 07) 

Tha  total  nuober  of  atataa  In  tha  Farml  region  la 

R • w jH dx  dy  dm  (28) 

where  w - ltfMeL/r2*2 

Take  parabolic  eeotlona  parallel  to  tha  x-y  plana  - aea  Figure  1.  The 

number  of  atatee  on  the  poeltlve  side  of  that  plane  le  then 

*»  - 2w  [[  ((  - Zap  - y2)^  dy  da  (29) 

JJ  ' 


where  the 

range  of  integration  over  y la 

(m  ♦ 

I.856  ai/5)/g  < y *C.  ({  - 

(50) 

with 

S - aff2R/h 

Write 

s " (n  ♦ I.856  v}^)/& 

(5D 

end  a 

0 

for  the  solution  of 

aQ  * 1.856  Bg1^  - g(<f  - 2«So?)^ 


I 


(5?) 
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ib*n  earn  b«  written  ac  th*  aus  of  the  following  three  integral* < 


»s>i  • ~ ~ ~ ir9^)  (55) 

• - vjf  - 2rj  - a2)^  d*  (5*5 

r% m 

" **  *jo*^  “ 2“?)*ro*lB£"^"  2a?^  jd*  (55) 

To  evaluate  8^2  end  It  ie  oo  men  lent  to  uat  a n the  variable 

instead  of  m,  or  the  ratio 

t - */*a  (5  6) 

wheie  so  " (f  ~ 2^)^  (57) 

Raneafcerlng  that  only  large  veiuee  of  ■ era  Important,  v*  a an  write  In 
?isos  of  sq.(pl) 

* - S*  - 1.856  (g.)1^  (58) 


horoover  we  ew>  expand  the  square  toot  In  the  Integrand  of  eq.(5^>)  ** 
follow*  I 

(£  - 2*f  - a2)*  - ^(1  - t2)*  ♦ gj(l  - t)/(l  - t2)* 

- I.856  - tX^)(l  - t2)"* 

- - t)2(l  - t2)"V2  (59) 

Ooabining  (59)  and  (58)  we  oan  express  (J*)  In  the  form  of  a sum  of 
eight  Integrals  *11  of  whloh  are  well-behaeed  end  either  elementary 
or  reducible  to  alllptlo  Integral*  that  can  be  readily  evaluated*. 


* See  the  Appendix 
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The  reeult  la 

“ 0.011g/*o 

♦ f [ -0.12 5(ft0)2  • 0.3flB(|t«o)l,/5  - O.197(g*0)*/5  j 

♦ (^/«e)^0.0177(gae)?  - 0.055(grQ)7/5  J (*0) 

To  ewaluata  W4  ^ wo  ajparsd  the  Integrand,  uelng 

f " ^ “ *o  4 ¥*0  ' -) 

and  tha  following  deae  lopr>ent  of  tha  nroslm 

erceln£*{£-  2n^)"^  | • aroaln  t - - n)(l  - t2)-^ 

♦ (5/2)(j>/*^)2(bo  - b)2(1  - t2)'^ 

- Jt(f/^)2(»0  - »)2(1  - t2)~5/2  ♦ ...  (Al) 

Wa  then  expreoe  the  whole  Integrand  In  terms  of  t by  writing 

% - ■ - g*0(l-t)  - 1.95^(g*0)l/5(l  - tl/5)  (A2) 

Negleatlng  only  terse  Involving  ^ or  higher  order*,  theae  atapo  reault 
In  twenty  four  integrals  which  ere  again  elementary  or  con  be  reduoed  to 
elllptlo  Integrals.  We  fine 
K*j/«  - - 0.5708glEo5  a 0.521(g*o)1,/^*o2 

♦ ?[0.21*6<g*o)2  - 1.2755(gr0)4'/5  a l.^Kg^)2'5  j 

♦ (^/j,o)*?!°,1®7;5(s*0)^  * l.l6fl(gzc)7//5  a l.*lo(gZo)V5  J ( A5) 

To  axpresa  In  teraa  of  the  Feral  energy  we  need  the  eolutlon  of 

eq.(52)  for  m 1 
o 

®0  " g 

-c^)(g^)2  - 1.256(8^)^  ♦ k^)2(e^)?  ...  m 


c 
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To  oxpraae  tho  other  parts  of  N.,  In  terra*  of  £ we  need  the  expansion 
for  Xq  derived  from  aq.(AA)  and  ®q.(57)« 

«0/f*  “ 1 - " I*S5«(g^1/5f 

* (f/p^KgJ*)2*  0.ft9(g^4/5  l ...  (A?) 

Carrying  out  theoe  development®  we  than  add  the  three  parte  of  Hr, 
double  the  tern*  of  even  order  In  ^ end  remove  the  tern*  linear  in 
the  result  ie  the  tots!  number  in  the  whole  Feral  region: 

N/w^  - 2.02(gj*)  - A.82(g^)l/5  ♦ 

(^)2$15.lA(g**)5  v 6.00(gjV/5  - 11.8A(g^)5/?  4 2.jA(g^)  | (A6) 

Writing  in  the  daflnltlone  of  g and  w from  *q*.(30)  and  (26),  and 
solving  eq.(A6)  for  the  Fermi  energy  £ we  find: 
j - l.^O(nA')2^2  '2H  * 2 . 1 1(  N A ) 4,/9 (h2/2K) a'2^ 

- ^2(2MA2)Jo.A5Aa2  ♦ 2.2^5(NA)'2/^ai,/5  - 2-91(NA)-1,/^*?/5  ^ (A7) 
where  V - Ya2L  the  volume  of  the  oy Under. 


The  Energy  of  the  Fermi  Aaearably 

The  energy  of  an  aaaonftly  of  N electrons  filling  the  Form*  region 
on  the  positive  aide  of  the  x-y  plane  le 


E,  * w * y2  * 2nt^)dx  dy  dm 


The  enorgy  on  the  negative  aide  la  obtained  from  thle  be  reversing  the 
sign  of  in  the  final  axpreaalon.  '"be  *otel  energy  therefore  hra  no 
term  llnoar  in  o.  and  again  all  deve loDraent*  cuet  be  oerrled  for  enough 
to  inolude  all  term*  quadratic  in  p.  Talcing  the  acme  nlsomnta  of  volume 
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••  for  the  N-ln^«^ratlona  we  hare  tha  three  contribution*  to  E*t 


B*1  - 

(2/3)*  (j 

((  - 2mp  - y2)3/2  dy  (Jb 

(*9) 

E*2  * 

2 *f(  yz(f 

2n^>  - y2)^  dy  dm 

(50) 

**3  " 

“'JjM 

2mj)  - y2)^  dy  dm 

(51) 

The  range 

of  Integration  over  y Is  the  anno  as  In  eq.(29)« 

The  first  of 

thsaa  contributions  Integrate*  Immediately  onrer  y to  yield  the  four 
Integral*  E.^  “ £ E jj,  J-  1,2,3,*-  9(52) 


E11  " d“ 

- w£  2moTr/3  - wo  m^rrA  ♦ wo2a2®/6 

(55) 

E12  " Jq  ^ 5/  d“ 

(5*) 

E15  “ -(»/*)  j '*(?  - 2a^)(^  - 2a^p  - *2)*  dm 

(55) 

2 i 

Ell|  " "(WA) j («  - 2mp)  aroslnJ*(£  - 2n^)  *fdm 

(5i?) 

Using  eq.(^fi)  snd  th>  ease  kind  of  expansion  aa  eq.(39), 

the  Integral 

in  ■q«(5i0  break*  u;>  Into  ten  elementary  Integrals  that  can  bo  evaluated 
without  difficulty.  ’rhe  similar  expansions  for  the  Integrand  of  «q.(35) 
yield*  twenty  more  In'egrele,  and  the  expansion*  for  *o.(50  yield 
thirty  Integrals  to  obtain  E^. 

“"he  second  contribution  E^g  of  *q.(5°)  Integrate*  over  y to  yield 
the  emn  of  the  following  four  contrlbutlrn* * 

" 3Ei2»  s25  - e15»  Bnd  Z2b  “ E1A 


S21  " Ell*  E22 


(57) 
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Tha  final  contribution  of  sq.(51)  integrates  over  y *o  yield  three 
oontrlbutlona  S5j’  j “ 1,2,5*  Of  theea  E^  integrates  dire oily  over  a, 
Ej2  involvea  an  expansion  and  develops  Into  eleven  elementary  Integrals, 
and  develop*  similarly  into  seventeen  integrals.  Totalling  ell  theee 
oontrlbutlona  to  the  an erjgr,  doubling  the  terms  even  In  f and  removing 
those  linear  in  <},  we  derive  the  one rgy  £ of  tha  feral  saaenblyi 

E/w^2  - 0.5?*(g^)  - 2.67(g?fy1/^  ♦ 

(?/p2f-  9.06<(C^)5  ♦ 7.6fc(g^)7/5  - 51  .*^Sj*)5/5  j (56) 

In  the  derivation  of  thle  result  of  oourae  the  sxpeselon  ($5)  Has  to  be 
used  before  tha  terms  linear  in  p are  reaovad. 

I?  we  taks  only  the  loading  terms  in  (56)  «nd  (46)  me  find  for  tho 
naan  energy  per  electron  at  absolute  soro  in  first  approximation  of 
mar o magnetic  field  and  large  voluxmi 

E/If  - o.ttef  09) 

We  now  use  eq.(47)  for  the  Fermi  energy,  and  tha  definitions  (50)  end 
(28)  for  g and  w,  end  aq,(l9)  for  ^ in  eq.(58)  and  obtain  the  rinsl 
axpraoslon  for  the  energy  of  tha  assembly  at  0°V! 

E/N  - 0.^(H/V)2^(f>2/2}*)  ♦ 0.56(lfA)^'^(ft2/2Jl)a'J,/5  - 

(2e2H2/Mo2)^2.^>a2  - l .98(NA)"2/^s^/5  - 10 ^(HAj'^s2^  j (A)) 

The  approximations  upon  vhloh  the  various  power-series  developments 
are  baaed  depend  for  their  validity  on  the  magnetic  terrm  being  found 


•nail  compered  with  the  leading  term.  Numerically  It  turns  out  that 
this  requires,  In  aq.{60),  that  a^H^  ba  not  touch  largar  than  0.01. 

If  tharafore  wa  were  Interested  In  oyllndars  of  radlua  no  largar  than 
10-5  ca.  the  magnetic  fiald  could  ba  ••  high  aa  100  gauss)  the  result 
la  therefore  of  Interest  In  a general  dissuasion  of  super oonduot laity 
whioh  exists  only  for  smell  magnetic  fields. 

Die  cue*  ion 

The  aueoaptlblllty  resulting  from  eq.(60)  le  olearly  peremagnetlo 

end  for  msoroaeoplo  apeolmora  extremely  large  compared  with  the  orbital 

diamagnetism  In  free  spew.  The  oonaperlaon  la  strongly  alma  dependent. 

From  #q.(60)  wa  here  the  aueoaptlblllty,  neglecting  the  smaller  terms i 

X - 9.96  a2  a2  (NA)Ao2  (6l) 

oyl 

and  In  free  apeoe  (£) 

xfra>  - - 0. 1059 ^NA)1^ Ale2  (62) 

Even  for  oyllndars  as  smII  as  10~5  cm  In  radius  the  quantity  (61)  la 
roughly  ten  thousand  tlmaa  tha  magnitude  of  Xfrae’ 

Ona  oan  understand  thla  surprising  result  In  the  following  Wl/. 

Ir.  the  first  eplsoe,  se  msntlonad  earlier,  the  classical  ploture  of 
localised  orbits  Is  Insppllosbls . On  that  picture,  and  on  the  ploture 
quantum  picture  using  the  WKB  approximation,  the  reflected  orbits  either 
exsotly  or  very  nearly  balance  the  unreflected  orblte,  eo  that  the  net 
susceptibility  la  vary  small.  On  the  present  picture  using  the  exeot 
eigenfunctions  In  the  cylinder,  every  state  la  reflected  by  the  boundary 
baoeuse  It  has  to  have  • nods  there.  The  division  Into  ref  looted  and 
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unref looted  orbits  oan  not  now  bo  node . Whon  one  oarefully  oheoke  whloh 
Integrals  aotually  load  to  the  par  esssgnette  tsrts  It  turns  out  that  eq.(52) 
la  dlrootly  to  bless.  The  major  contribution  oonee  luomdletely  frcm  the 
quadratic  tana  In  ( o/^ ) In  eq.(4A),  the  solution  of  *q.(52).  Thla 
aquation  arises  dlrootly  from  the  relation  between  the  circular  and  the 
redial  nodaa  of  the  teasel  funotlona  and  la  Inherent  In  the  exeot  solut- 
ion of  the  problem.  By  oontreet  the  solution  for  free  apeoe  Involves  no 
ouch  cut-off  In  the  Fermi  region.  The  Terml  region  obtained  from  the 
epaotrum  of  eq.(l^)  le  out  off  only  et  n ■ 0 end  the  maximum  of  n 
oooure  at  the  vertex  of  tho  parabola  y5*  ♦ 2n^  m $ 1 n0  “ ^/2^>  . 

The  oontreet  between  this  end  *.q.(b4)  should  lead  ua  to  expeot 
entirely  different  results  In  the  oyllnder.  Inoldentelly  the  factor  g 
appearing  In  eq.(52)  end  (44)  immediately  responsible  for  the  alze- 
depondenoe  of  the  paramagnetlo  term. 

One  oould  reverse  the  algn  of  this  term  end  so  obtain  a very'  large 
diamagnetism  for  example  by  ohsnglng  tho  square  root  In  eq.(52)  Into 
some  rational  power  greeter  then  unity.  This  would  follow  for  a ncdel 
relationship  repleolng  sq.(l6)  having  a leading  term  of  the  form 


with  y ^ 2.  Ar if  potential  field  oepebie  of  producing  euoh  a redloal 
alteration  In  the  meroes  of  the  Beeeel  funottona  oould  herdly  be  hGndled 
by  simple  flret  order  perturbation  theory  starting  from  the  weve  funotlona 
obtained  here  for  the  field  free  oyllnder. 
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The  smaller  torn*  depending  on  H in  eq.(^O)  ere  dleaegnetlo.  They 
■ries  fron  the  eube  root  terse  In  eq.(^2),  end  ere  neny  orders  smeller 
then  eq.(^l).  These  dlamegnStlo  terms  oen  formally  become  comparable 
with  the  paratsegnetio  tern  only  by  aettlng  the  radiua  of  the  cylinder 
less  than  10”^  or  10  ^ om;  but  the  power  developments  used  in  approx- 
imating the  various  integrals  would  no  longer  ba  solid.  The  sessBfcly 
of  1000  eleotrons  oonsldered  by  Basden  end  quoted  in  Osborne's  paper  (1) 
wee  found  to  be  dleaegnetlo,  end  this  would  egree  with  the  present 
formal  r-eul* . 

The  seoond  non-magnetio  term  in  eq.(60)  le  not  without  interest. 

It  slso  arises  from  the  cube  root  term  in  the  beheviour  of  the  nodes. 
While  it  le  many  ordere  omsller  then  the  leading  term  except  et  very 
small  redll,  It  is  euoh  as  to  atsbllae  the  whole  ssseobly  against  break-' 
up  into  separate  smeller  sub-ssssabllae . It  may  serve  to  justify  our 
taking  the  entire  population  of  the  cylinder  in  one  elngle  Term!  assembly 
and  applying  the  exolualon  principle  to  ell  the  eleotrons.  Without  such 
• term  one  could  equally  well  eseume  that  the  population  breaks  up  into 
domains  within  whloh  the  exoluelon  prlnolpls  operates,  but  between  whloh 
electrons  in  different  domains  disregard  eeohother.  This  letter  le 
poeslble  when  using  perlodto  boundary  oondltlc>ne  tn  e rectangular  enclos- 
ure, the  boundary  being  then  nothing  more  then  a convenient  fiction. 

One  oonolueion  esems  very  definite.  It  is  quite  impossible  for  free 
eleotrons  in  s cylinder  to  exhibit  the  type  of  diamagnetism  thet  we  need 


to  understand  superconductivity,  This  cilamegnetlaw  certainly  exists 
avperlaectalXy  in  the  Halt  of  small  fields  under  tha  oonditlona  of 
validity  of  tha  formula  (60).  It  easee  sartaln  therefore  that  this 
diaaegnettea  suet  be  a rosult  of  tha  Interaction  between  tha  electrons 
and  tha  lattice  potential,  and  not  a property  dasorlbable  appro xiantaJy 
in  ter*a  of  tha  electrons  a Iona . Tha  lattice  potential  sust  in  fact 
altar  draetloslly  tho  relationship  between  tha  elroular  and  radial  nodaa 
of  tha  olgenfunottons  and  so  completely  change  tha  ahapeof  tha  Feral 
region  in  vsre-mmibar  spsse  - which  of  oourae  it  obviously  doea  - and 
dleaagnatisa  nut  ba  tho  result  of  this. 

It  would  be  of  further  Interest  to  study  our  present  problem  for 
aery  strong  fields.  This  oould  be  done  by  developing  the  various 
Integrands  In  powers  of  tf/f)  Instead  of  . The  corresponding 

terns  In  K/lf  depending  on  magnetic  field  would  form  a polynomial  In 
negative  powers  of  H,  end  could  conceivably  have  a large  number  of  narooa, 
ao  yielding  the  da  Haas  van  dlphen  effeot.  Tha  exact  w«nr  of  handling  this 
hjve rn r would  be  by  the  method  of  Oebemej  It  would  ba  extremely  coapllo- 
stod  owing  to  the  awkward  shape  of  the  Fermi  region,  and  the  present 
writer  doea  not  plan  to  make  the  attempt. 
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Appendix 


Moot  of  tbs  integrals 
th®  following  forai 

I(n) 


snoounterod  In  this  work  oon  bo  reduced  to 


arooln  X dX 


Bo  low  wo  tabulate  the  needed  nuaerlool  values.  Sons  of  those  had  to 
bo  obtained  b y dlreot  summation  of  osrls:  «rpanalona  of  the  Integrand; 
the  other*  wore  found  by  reduction  to  olllptleal  Integrals. 


TA9I£ 


n 

*(») 

- 5 

J.114 

- k 

1.606 

- 2 

O.S4o 

- 1 

0.6765 

0 

0.5706 

1 

O.A91 

2 

0,451 

5 

0.5927 

* 

0.560 

5 

0.550 

6 

0.50H 

7 

0.272 

10 

0.21S 

